Varchenko introduced a distance function on chambers of a hyperplane arrangement which gives rise to a determinant indexed by chambers whose entry in position (C, D) is the distance between C and D, and proved that that determinant has a nice factorization: that is the Varchenko determinant. Recently, Aguiar and Mahajan defined a generalization of that distance function, and proved that, for a central hyperplane arrangement, the determinant given rise by their distance function has also a nice factorization. We prove that, for any hyperplane arrangement, the determinant given rise by the distance function of Aguiar and Mahajan has a nice factorization. We also prove that the same is true for the determinant indexed by chambers of an apartment.
Introduction
Take n + 1 real numbers a 1 , . . . , a n , b such that (a 1 , . . . , a n ) = (0, . . . , 0). A hyperplane in R n is a (n − 1)-dimensional affine subspace H := {x ∈ R n | a 1 x 1 + · · · + a n x n = b}. A hyperplane arrangement in R n is a finite set of hyperplanes in R n .
To every hyperplane H in R n can be associated two open half-spaces H + and H − such that H + H H − = R n and H + ∩ H − = H. Letting H 0 := H, one define a face of a hyperplane arrangement A as a nonempty subset of R n having the form Denote the set of A-faces by F A . It is a poset with partial order defined, for F, G ∈ F A , by F G ⇐⇒ ∀H ∈ A : H (F ) = 0 ⇒ H (F ) = H (G).
The sign sequence of a face F ∈ F A is A (F ) := H (F ) H∈A . A chamber of A is a face in F A whose sign sequence contains no 0. Denote the set of A-chambers by C A .
We consider a face F ∈ F A \C A . The centralization of A to F is the hyperplane arrangement A F in R n , having F as center, and defined by A F := {H ∈ A | F ⊆ H}.
Assign a variable h ε H , ε ∈ {+, −}, to every half-space H ε , H ∈ A. We work with the polynomial ring R A := Z h ε H | ε ∈ {+, −}, H ∈ A in variables h ε H . The weight of a face F ∈ F A \ C A is the monomial b F ∈ R A defined by
Let F ∈ F A \ C A , and H ∈ A F . The multiplicity of F is the integer β F defined by
We will see in Section 5 that β F is independent of the chosen hyperplane H.
For two chambers C, D ∈ C A , the set of half-spaces containing C but not D is Let K be a subset of a hyperplane arrangement A in R n . An apartment of A is a chamber of K. Denote the set of A-apartments by K A . Consider an apartment K ∈ K A . The sets of K-faces and K-chambers are respectively
The Varchenko determinant of a hyperplane arrangement
Here is the second main result of this article. Theorem 1.2. Let A a hyperplane arrangement in R n , and K ∈ K A . Then, 
This article is structured as follows. We generalize the Tits monoid to any hyperplane arrangement in Section 2, and compute the Euler characteristic of CW complexes associated to hyperplane arrangements in Section 3. Those results are used to generalize the Witt identity to any hyperplane arrangement in Section 4. Finally, we use that Witt-identity generalization to prove Theorem 1.1 and Theorem 1.2 in Section 5.
A Tits-Monoid Generalization
The face set F A of a central hyperplane arrangement A is a monoid, called Tits monoid, whose product is defined by: If F, G ∈ F A , then F G is the face in F A such that, for every
We extend the Tits monoid to any hyperplane arrangement in R n .
Proposition 2.1. Let A be a hyperplane arrangement in R n , and two faces F, G ∈ F A . Then, there exists a face K ∈ F A such that, for every H ∈ A,
Proof. Define a path p :
We deduce that F is the face K ∈ F A such that
The Euler Characteristic
We recall the theorem on the homotopy equivalence of CW complexes, and use it to compute the Euler characteristic of special subsets of chambers.
The standard n-simplex is ∆ n :
t i = 1 whose vertices are the unit vectors along the coordinate axes. A singular n-simplex in a topological space X is a continuous map σ : ∆ n → X. Denote by S n (X) the set of the singular n-simplex of X. Let C n (X) be the free abelian group
The boundary map ∂ n : C n (X) → C n−1 (X) is the homomorphism defined by
The n th singular homology group of X is the abelian group H n (X) := ker ∂ n /im ∂ n+1 .
Consider a continuous map f :
, and by linearly
Consider two topological spaces X, Y . One says that two continuous maps f, g : X → Y are homotopic if there exists a continuous map F :
. One writes f g in that case. Note that two homeomorphic topological spaces X and Y are homotopy equivalent since we have a homeomorphism f :
Denote by 1 X the identity map of a topological space X. Two topological spaces X and Y are homotopy equivalent if there exist two continuous maps f :
The m-ball B m consists of a point if m = 0, otherwise B m := {x ∈ R m | x < 1}. A m-cell is a topological space homeomorphic to B m . The dimension of a m-cell is defined to be m.
Let X be a Hausdorff topological space, and assume that it is represented as a disjoint union of cells e α , α ∈ A. Then, the pair X, {e α } α∈A is called a CW complex if the following two conditions are satisfied:
• the restriction of f α to B m is a homeomorphism onto e α ,
is a union of finitely many cells of dimension less than m.
2. A subset Y ⊆ X is closed in X if and only if Y ∩ e α is closed for any α.
The Euler characteristic of a CW complex X, {e α } α∈A is
We need the following known result on the Euler characteristic of homotopy equivalent spaces. Proof. Recall that the rank of an abelian group G is the cardinality of any maximal linearly independent set included in G. If X is a CW complex, then [3, Theorem 2.44]
There exists a continuous maps f : X → Y proving the homotopy equivalence of X and Y . The map f * :
A polyhedron of a hyperplane arrangement A in R n is a connected union of faces in F A . We mainly investigate CW complexes having the form P, {F ∈ F A | F ⊆ P } , where P is a polyhedron of A.
We distinguish three kinds of chambers in C A :
1. The chamber C is not bounded and its border C \ C is homeomorphic to B n−1 . We say that C is of the first type, and write C ∈ C
A .
2. The chamber C is not bounded and C \ C is homeomorphic to (B n−1 \ B n−1 ) × R. It is the case, for example, of the chamber located between two parallel hyperplanes. We say that C is of the second type, and write C ∈ C
3. The chamber C is bounded, which means that C \ C is homeomorphic to B n \ B n . We say that C is of the third type, and write C ∈ C
Lemma 3.2. Let A be a hyperplane arrangement in R n , and C ∈ C A . Then,
Proof.
A , divide C in two chambers C 1 and C 2 by adding a bounded (n−1)-dimensional cell F in C so that C 1 and C 2 are chambers of the first type. Then,
Consider two continuous maps f : F → {y} and g : {y} → F . Then, f • g = 1 {y} , and g • f 1 F with the continuous map F :
proving the homotopy defined by F (x, t) := g(y)t + (1 − t)x. Hence χ(C) = −χ {y} = −1.
A , C is also homotopy equivalent to a point, and then χ(C) = 1.
A wall of a chamber C ∈ C A is a hyperplane H ∈ A such that dim C ∩ H = dim H. Denote the set of C-walls by W C . A panel of C is a face F ∈ F A such that F = C ∩H, with H ∈ W C . Lemma 3.3. Let A be a hyperplane arrangement in R n , C ∈ C A , and {F j } j∈J a set formed by C-panels such that, if #J > 1, then
We have
otherwise.
• If j∈J F j is bounded, then it is homotopy equivalent to a point, and χ j∈J F j = 1. We
• Otherwise, Int j∈J F j is homeomorphic to B n−1 while
A , C \ j∈J F j is homotopy equivalent to the closure of a chamber of the first type,
A , j∈J F j is homotopy equivalent to a point, then χ C \ j∈J F j = 1 − 1 = 0.
A Witt-Identity Generalization
Considering the equation F C = D for the Tits monoid led to the Witt identity. We prove that we can have an identity generalizing that for our Tits-monoid generalization.
A nested face is a pair (F, G) of faces in F A such that F ≺ G. For a nested face (F, G), define the set of faces
Lemma 4.1. Let A be a hyperplane arrangement in R n , D ∈ C A , and (A, D) a nested face. Then, C A has a chamberD A whose sign sequence is defined, for every H ∈ A, by
Proof. Take two points x ∈ D, and y ∈ A. From x, the ray {x(1 − t) + yt | t ∈ R ≥0 } successively meets the chamber D, the face A, and another-first chamber C:
Let c A := min{dim F | F ∈ F A }. The rank of a face F ∈ F A is defined by rk F := dim F −c A . We assign a variable x C to each chamber C ∈ C A . Proposition 4.2. Let A be a hyperplane arrangement in R n , D ∈ C A , and (A, D) a nested face. Then,
Proof. We have
•
• Define the bijection b :
= 0 using Lemma 3.2.
• The case
H (D) = +, and let A C A be the hyperplane arrangement {H ∈ A A | H (C) = −}. Then,
We obtain,
We deduce that
The Varchenko Matrix
We prove the main results of this article in this section.
Lemma 5.1. Let A be a hyperplane arrangement in R n , C, D ∈ C A , and F C. Then,
Proof. As D is a chamber, F D is then a chamber. From the proof of Proposition 2.1, we know that, if p(t) is the directed line-segment from a point x ∈ F to a point y ∈ D, then F D is the first chamber F 1 that p(t) meets.
• If
• Else, if
The module of R A -linear combinations of chambers in C
Denote by {C * } C∈C A the dual basis of the basis C A of M A . Let γ A : M A → M * A be the linear map defined, for a chamber D ∈ C A , by
For any nested face (A, D) , where D is a chamber, define
Define the extension ring B A of the ring R A by
Proof. The proof is by backward induction. Remark that m(D, D)
So, we obtain
By induction hypothesis, for every C ∈ C A , there exists a C ∈ B A , such that
Since A ≤D A and ( D A ) A = D, by remplacing D with AD, we note that, for every C ∈ C A , there exists also e C ∈ B A , such that
Theorem 5.3. Let A be a hyperplane arrangement in R n , and D ∈ C A . Then,
A . The set of the faces composing the closure of D is
Hence,
F ∈F D A (−1) rk F C∈C A F C=D x C = (−1) δ 2,i −c A x D , with i the type of D. Using x C = v(D, C) C * , we obtain F ∈F D A (−1) rk F m(F, D) = (−1) δ 2,i −c A D * .
From Proposition 5.2, we conclude that D
Suppose now that D ∈ C
A . Consider the hyperplane arrangement A = A {H } such that
• H cuts only panels, A-chambers of type 1, and D in particular,
• and the cut chambers C ∈ C A are divided into two chambers
A and D u ∈ C
Then,
x C γ A (C) with x C ∈ B A . Let C A be the set of chambers in C A cut by
As
and
, the only possibility is
Finally, remplacing C b by C , for every C ∈ C A , we conclude that
The Varchenko matrix of the hyperplane arrangement A is V A := v(D, C) C,D∈C A .
Proposition 5.4. Let A be a hyperplane arrangement in R n . For every face F ∈ F A \ C A , there is a nonnegative integer l F such that
Proof. Observe that V A is the matrix representation of the linear map γ A . The determinant of V A is a polynomial in R A with constant term 1, so it is invertible. From Theorem 5.3, we know that, for every chamber D ∈ C A , there exist
As the matrix representation of γ
A is then an element of B A . To finish, note that V
, where each entry of adj(V A ) is a polynomial in R A . Then, the only possibility is det V A is of the form k
As the constant term of det V A is 1, we deduce that k = 1.
Define the subring B K A of the ring B A by
Proposition 5.5. Let A a hyperplane arrangement in R n , and K ∈ K A . Then, for every face
A but the other not. For every D ∈ C K A , and any nested face (A, D), define
In that case,
With a backward induction similar to the proof of Proposition 5.2, we prove that
We distinguish three kinds of chambers in C ∈ C K A according to its border: 1. If its border C \ C is homeomorphic to B n−1 , we say that C is of the first type in K, and write C ∈ C K,1
2. If its border C \ C is homeomorphic to (B n−1 \ B n−1 ) × R, we say that C is of the second type, and write C ∈ C K,2
A . 3. If its border C \ C is homeomorphic to B n \ B n , we say that C is of the third type, and write C ∈ C K,3
A . If i is type of D from the proof of Theorem 5.3, we have
A . Consider the hyperplane arrangement A = A {H } such that, in K,
• H cuts only panels, 1-type chambers, and D in particular,
• and the cut chambers C ∈ C K A are divided into two chambers
A be the set of chambers in C K A cut by H . With a proof similar to that of Theorem 5.3, we obtain
Finally, as the matrix representation of the linear map γ K is V K A , one proves, with an argument similar to the proof of Proposition 5.4, that det V K A is of the form
The restriction of a hyperplane arrangement A in R n to an apartment K ∈ K A is the set arrangement A K in K defined by
Let F ∈ F A , and H ∈ A such that F ⊆ H. Define β
Theorem 5.6. Let A a hyperplane arrangement in R n , and F ∈ F A . Then, β H F has the same value β F for every H ∈ A F , and
Proof. From Proposition 5.4, we have det
there exists an apartment K ∈ K A such that A K is central with center E, and
Setting h + H = h − H = 0 for every H ∈ A \ A E , we see that, for every F ∈ F K A \ C K A , l F = l F . We prove by backward induction on the dimension of E that
Remark that β
It is clear that, if dim E = n − 1, then β E = 1 and det A E = 1 − b E . If dim E < n − 1, by induction hypothesis,
Observe that the leading monomial in det V K A is (−1)
Comparing the exponent of h
.
Theorem 5.7. Let A a hyperplane arrangement in R n , and K ∈ K A . Then,
Proof. From Proposition 5.5, we have det
there exists an apartment L ∈ K A such that L ⊆ K, A L is central with center E, and
Setting h + H = h − H = 0 for every H ∈ A \ A E , we see that, for every F ∈ F L A \ C L A , l F = l F . Finally, we deduce from the proof of Theorem 5.6 that l F = β F .
